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ABSTRACT
The quantization condition derived previously for SU(2) solitons quantized with
SU(3) collective coordinates is generalized for SU(3) skyrmions with strangeness
content different from zero. Quantization of the dipole-type configuration with large
strangeness content found recently is considered as an example.
1. The chiral soliton approach [1] allows not only to describe the properties
of baryons with a rather good accuracy [2], [3] but also to make some predictions
for the spectrum of states with baryon number B > 1 [4]-[6]. The quantization of
the bound states of skyrmions, their zero modes first of all, is a quite necessary
step towards realization of this approach. Different aspects of this problem have
been considered beginning with the papers [2], [7] and [4], however, the complete
treatment allowing the consideration of arbitrary SU(3) skyrmions was absent till
now.
In the sector with B = 2 besides the SO(3) hedgehog with the lowest quantum
states being interpreted as H-dibaryon [4] the SU(2) torus - bound B = 2 state -
was discovered almost 10 years ago [6]. The position of the known B = 2 classical
configurations representing local minima in SU(3) configuration space is shown on
Fig.1 in the plane with scalar strangeness content SC as Y axis and the difference
of U- and D-contents as X-axis. Since the sum of all scalar contents equals to 1
they are defined uniquely in each point of this plot. The SO(3) hedgehog (1) has all
contents equal to 1/3. There are 3 torii in 3 different SU(2) subgroups of SU(3), the
u−d symmetric state (2) with SC = 0 being of special interest. The dipole type state
(5) found recently [9] has the binding energy about half of that of the torus.
The quantization of zero modes of solitons has been done previously in few
different cases: for SU(2) solitons rotated in SU(2) and SU(3) configuration spaces of
collective coordinates [2], [7], [4], and also for SO(3) solitons [4]. In the first case the
quantization condition known as Guadagnini’s one [7] was established, see also [10].
The quantization of SU(2) torus leads to predictions of rich spectrum of strange
dibaryons [11]. However, these kinds of solitons are only particular cases. Other
types of solitons exist, e.g. solitons of dipole type with large strangeness content
[9], point (5) on the Fig.1. In view of this the quantization procedure of arbitrary
SU(3) solitons should be developed. This is a subject of present paper.
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2. Let us consider the Wess-Zumino (WZ) term in the action which defines
the quantum numbers of the system in the quantization procedure. As usually,
we introduce the time-dependent collective coordinates for the quantization of zero
modes according to the relation: U(~r, t) = A(t)U0(~r)A†(t). The integration by parts is
possible then in the expression for the WZ-term in the action [12]:
SWZ =
−iNc
240π2
ǫµναβγ
∫
Ω
TrL¯µL¯νL¯αL¯βL¯γd
5x′ (1)
Ω being the 5-dimensional region with the 4-dimensional space-time as its boundary.
We obtain then for the WZ-term contribution to the lagrangian of the system:
LWZ =
−iNc
48π2
ǫαβγ
∫
TrA†A˙(U0LαLβLγU
†
0
+ LαLβLγ)d
3x (2)
where L¯µ = U †dµU , Lα = U
†
0
dαU0 = iLk,αλk, or
LWZ =
Nc
24π2
∫ k=8∑
k=1
ωkWZkd
3x =
k=8∑
k=1
ωkL
WZ
k (3)
with angular velocities of rotation in the configuration space defined in usual way,
A†A˙ = − i
2
ωkλk. Summation over repeated indeces is assumed here and further.
Functions WZk can be expressed through the Cartan-Maurer currents Lk,i:
WZi = (Rik(U0) + δik)W˜Zk, (4)
where
W˜Z1 = −(L1, L4L5 + L6L7)− (L2L3L8)/
√
3− 2(L8, L4L7 − L5L6)/
√
3
W˜Z2 = −(L2, L4L5 + L6L7)− (L3L1L8)/
√
3− 2(L8, L4L6 + L5L7)/
√
3
W˜Z3 = −(L3, L4L5 + L6L7)− (L1L2L8)/
√
3− 2(L8, L4L5 − L6L7)/
√
3
W˜Z4 = −(L4, L1L2 − L6L7) + (L3, L2L6 + L1L7)− (L8, L1L7 + L2L6 + L3L5)/
√
3
W˜Z5 = −(L5, L1L2 − L6L7)− (L3, L1L6 − L2L7)− (L8, L2L7 − L1L6 − L3L4)/
√
3
W˜Z6 = (L6, L1L2 + L4L5)− (L3, L1L5 − L2L4)− (L8, L1L5 − L2L4 − L3L7)/
√
3
W˜Z7 = (L4, L1L2 + L4L5) + (L3, L2L5 + L1L4)− (L8, L3L6 − L1L4 − L2L5)/
√
3
W˜Z8 = −
√
3(L1L2L3) + (L8L4L5) + (L8L6L7) (5)
(~L1~L2~L3) denotes the mixed product of vectors ~L1, ~L2, ~L3. The real orthogonal matrix
Rik(U0) =
1
2
TrλiU0λkU
†
0
.
It should be noted that the results of calculation according to (5) depend on
the orientation of the soliton in the SU(3) configuration space.
When solitons are located in the (u, d) SU(2) subgroup of SU(3) only L1, L2
and L3 are different from zero, WZ and W˜Z are both proportional to the B-number
density and the well known quantization condition by Guadagnini [7] rederived in
[10] takes place,
YR =
2√
3
dLWZ/dω8 = NcB/3 (6)
where YR is the so called right hypercharge characterizing the SU(3) irrep under
consideration. This relation will be generalized here to
Y minR =
2√
3
dLWZ/dω8 = NcB(1 − 3SC)/3 (7)
This formula was checked for several cases.
a) We can rotate any SU(2) soliton by arbitrary constant SU(3) matrix con-
taining U4 = exp(−iνλ4). In this case SC = 12sin2ν, both WZ8, W˜Z8 are proportional
to R88 = 1 − 32sin2ν. As a result, the relation (7) is fulfilled exactly. Solitons (3) and
(4) on Fig.1 can be obtained from (u, d) soliton (2) by means of U4 or U2U4 rotations
and satisfy relation (7).
b) For the SO(3) hedgehog SC = 1/3, [6] and LWZ = 0, [4] which satisfies (7)
again.
c) We obtained the relation (7) numerically for the solitons of the type
U = UL(u, s)U(u, d)UR(d, s) [9] with U(u, d) = exp(iaλ2) exp(ibλ3) and UL(u, s) and
UR(d, s) being deformed interacting B = 1 SU(2) hedgehogs. For this ansatz we had
for rotated SU(3) Cartan- Maurer currents [9]:
L˜1i = sacal3i, L˜2i = dia,
L˜3i = (c2al3i − r3i)/2 + dib, L˜4i = l1ica,
L˜5i = cal2i, L˜6i = l1isa + r1i(b),
L˜7i = sal2i + r2i(b), L˜8i =
√
3(l3i + r3i)/2.
(8)
L˜ = TLT †, U0 = V T , V = U(u, s)exp(iaλ2), T = exp(ibλ3)U(d, s). sa = sina, ca = cosa,
etc., in terms of SU(2) C-M currents lk,i and rk,i (i, k = 1, 2, 3) and functions a and b.
In this case only the integral over the function W˜Z8 is different from zero (Nc = 3):
1
2
√
3π2
∫
W˜Z8d
3x =
1
4π2
∫
[(~l1~l2~l3) + (~r1~r2~r3)]d
3x = −(BL +BR)/2 (9)
where BL and BR are the baryon numbers located in left (u, s) and right (d, s) SU(2)
subgroups of SU(3). We should calculate (3), (7) with WZ8 = (R8k(V ) + Rk8(T ))W˜Zk.
The contribution −(BL + BR)/2 also appears, together with some additional terms
which turned out to be very small numerically. We obtained SC = 0.49 and Y minR =
−0.96.
It is natural to suggest that (7) holds for any SU(3) skyrmions.
3. The expression for the rotation energy of the system depending on the
angular velocities of rotations in SU(3) collective coordinates space can be written
in such a form:
Lrot =
Fpi
2
16
(ω˜21 + ω˜
2
2 ...+ ω˜
2
8)
+
1
8e2
{
~s212 + ~s
2
23 + ~s
2
31 + ~s
2
45 + ~s
2
67 +
3
4
(
~s248 + ~s
2
58 + ~s
2
68 + ~s
2
78
)
+
+
1
4
(
~s246 + ~s
2
47 + ~s
2
56 + ~s
2
57 + ~s
2
14 + ~s
2
15 + ~s
2
16 + ~s
2
17 + ~s
2
24 + ~s
2
25 + ~s
2
26 + ~s
2
27 + ~s
2
34 + ~s
2
35 + ~s
2
36 + ~s
2
37
)
+
+
√
3
2
(
~s84
(
~s16 + ~s34 − ~s27
)
+ ~s85
(
~s17 + ~s26 + ~s35
)
+ ~s86
(
~s14 + ~s25 − ~s36
)
+ ~s87
(
~s15 − ~s24 − ~s37
))
+
+
3
2
(
~s12
(
~s45 + ~s76
)
+ ~s23
(
~s47 + ~s65
)
+ ~s13
(
~s64 + ~s75
)
+ ~s45~s67
)}
(10)
Here ~sik = ω˜i~Lk − ω˜k~Li, i, k = 1, 2...8 are the SU(3) indeces. The expression
for static energy can be obtained from (10) by means of substitution ~sik = 2[~Li~Lk],
[9]. The functions ω˜i are connected with the body fixed angular velocities of SU(3)
rotations by means of transformation (see (8) above):
ω˜ = V †ωV − TωT †,
or
ω˜i = (Rik(V
†)−Rik(T ))ωk = Rikωk (11)
Rik(V
†) = Rki(V ) and Rik(T ) are real orthogonal matrices, i, k = 1, ...8. For example,
R81 = −
√
3
2
s2a(f
2
1 + f
2
2 ), R82 = 0, R83 = −
√
3
2
(c2a(f
2
1 + f
2
2 ) + q
3
1 + q
2
2)
R85 = −
√
3ca(f0f1 − f2f3), R88 = 32 (q21 + q22 − f21 − f22 ) , etc (12),
U¯(u, s) = f0 + iτ¯kfk, U˜(d, s) = q0 + iτ˜kqk, k = 1, 2, 3, τ¯ and τ˜ are the Pauli matrices
corresponding to (u, s) and (d, s) SU(2) subgroups.
8 diagonal moments of inertia and 28 off-diagonal define the rotation energy
- quadratic form in ωiωk - according to (10), (11).
For the quantization of SU(2) hedgehog in the SU(3) collective coordinates
space only two different moments of inertia entered [7], [4]: Θ1 = Θ2 = Θ3 and
Θ4 = Θ5 = Θ6 = Θ7. For the SO(3) hedgehog the rotation energy also depends on 2
different inertia: Θ2 = Θ5 = Θ7 and Θ1 = Θ3 = Θ4 = Θ6 = Θ8 [4].
In the case of strange skyrmion molecule we obtained 4 different diagonal
moments of inertia: Θ1 = Θ2 = ΘN ; Θ3; Θ4 = Θ5 = Θ6 = Θ7 = ΘS and Θ8. Numerically
the difference between ΘN and Θ3 is small and both are about twice smaller than
ΘS. Θ8 is a bit greater than ΘS (see Table). In view of symmetry properties of the
configuration many off-diagonal moments of inertia are equal to zero. Few of them
are different from zero, but at least one order of magnitude smaller than diagonal
inertia: Θ38, Θ46, Θ57. By this reason we shall neglect them here for the estimates.
The hamiltonian of the system can be obtained by canonical quantization procedure
[2],[7],[4] (we take the angular momentum J = 0) in such simplified form:
Erot =
C2(SU3)− 3Y 2R/4
2ΘS
+
N(N + 1)
2
( 1
ΘN
− 1
ΘS
)
+
3(YR − Y minR )2
8Θ8
(13)
C2(SU3) =
1
3
(p2 + q2+ pq) + p+ q, N is the right isospin (see Fig.2), p, q are the numbers
of the upper and low indeces in the tensor describing the SU(3) irrep (p, q).
It is clear from this expression that for Θ8 → 0 the right hypercharge YR =
Y minR =
2√
3
LWZ8 , otherwise the quantum correction due to ω8 will be infinite. For
solitons located in (u, d) SU(2) Θ8 = 0 and YR = 2√
3
LWZ8 = B - the quantization condition
[7],[10] with Nc = 3.
For the skyrmion molecule found in [9] LWZ8 ≈ −
√
3
2
, or Y minR ≈ −1, as it was
explained above. The last term in (13) is absent for YR = −1, and because of the
evident constraints
p+ 2q
3
≥ YR ≥ −
q + 2p
3
(14)
the following lowest SU(3) multiplets are possible: octet, (p, q) = (1, 1), decuplet (3, 0)
and antidecuplet (0, 3), Fig.2. The sum of the classical mass of the soliton and
rotational energy for the B = 2 octet, 10 and 1¯0 is equal to ∼ 4.44, 5.0 and 5.5 Gev
for YR = −1. The octets with YR = 0 and 1 have masses 4.9 and 5.0 Gev. This
should be compared with central values of masses of B = 1 octet and decuplet 2.64
and 3.05Gev [3]. The absolute values of the masses of both B = 1 and 2 states are
controlled by the Casimir energies which make contribution of N0c into the masses
of configurations [13]-[16]. However, the dipole-type configuration does not differ
much from the B = 2 configuration in the product ansatz which we used as a starting
one in our calculations [9]. By this reason the Casimir energy of the B = 2 dipole
should be close to twice of that for B = 1 soliton, and will be canceled in the binding
energies of dibaryons. We can conclude therefore that most of the B = 2 octet and
decuplet states should be bound. The nonstrange state appears for the first time
within the antidecuplet and is unbound.
The mass splittings inside multiplets are defined as usually by flavor sym-
metry breaking (FSB) terms in the lagrangian. In this case, since we start from the
soliton with SC ≈ 0.5, the FSB terms are squeezed by a factor about ∼ 3 due to the
smaller dimensions of the kaon cloud in comparison with the pion cloud [9], and
the mass splittings are within ∼ 200 − 300 Mev. More detailed calculations will be
presented elsewhere.
4. To conclude, the quantization scheme for the SU(3) skyrmions is presented
and the quantization condition found previously [7] is generalized for skyrmions
with arbitrary strangeness content. The relation (7) is valid for all known B = 2
local minima in SU(3) configuration space shown in Fig.1. The moments of inertia
of arbitrary SU(3) skyrmions can be calculated with the help of formulas (10), (11).
For the dipole-type configuration with SC = 0.5 our results are in qualita-
tive agreement with those obtained in [17] for interaction potential of two strange
baryons located at large distances. The new branch of strange dibaryons additional
to known previously [4], [11] is predicted with smallest uncertainty in the absolute
values of masses due to the Casimir energy, relative to the corresponding B = 1
states. The prediction by chiral soliton models of the rich spectrum of baryonic
states with different values of strangeness remains one of the intriguing properties
of such models. It is difficult to observe these states, especially those which are
above the threshold for the decay due to strong interaction. However, further in-
vestigations of the predictions of effective field theories providing new approach of
the description of fundamental properties of matter are of interest.
I am indebted to B.Schwesinger for useful discussions and suggestions on the
initial stages of the work, to B.E.Stern for help in numerical computations and to
G.Holzwarth and H.Walliser for their interest in the problems of SU(3) skyrmions.
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Figure captions
Fig.1 The position of different classical configurations with B = 2 in the
plane (UC − DC), SC. UC, DC and SC are scalar quark contents of the soliton.
UC = (1−ReU11)/(3−ReU11−ReU22−ReU33), etc. Uii are the diagonal matrix elements
of the unitary matrix U . (1) is the SO(3) hedgehog, (2),(3) and (4) are SU(2) torii in
(u, d), (d, s) and (u, s) subgroups of SU(3), (5) is the dipole-type configuration found
recently.
Fig.2 T3 − Y -diagrams for the lowest SU(3) multiplets allowed for the case of
SU(2)3 configurations: octet (1, 1), decuplet (3, 0) and antidecuplet (0, 3). Dashed line
indicates isomultiplets with Y = Y min = −1, T = N .
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 format from:
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